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In a Hilbert space, certain solutions of second-order nonhomogeneous linear 
differential equations with a Stepanov almost periodic forcing function are 
shown to be almost periodic. 
1. INTRODUCTION 
Suppose H is a Hilbert space and J is the interval --00 < t < co. A function 
f E L&( J; H) with 1 < p < co is said to be Stepanov-bounded or @-bounded 
on J if 
llf I/p = =$J [jy+l llf(W q-l ( @a U-1) 
(for the definitions of almost periodicity and SD-almost periodicity, see Amerio 
and Prouse [I, pp. 3,771). 
Here we consider the second-order linear differential equation 
u”(t) = Au(t) + f (t> on J, U-2) 
where f: J- H is an S-almost periodic continuous function, and A is a 
completely continuous normal operator in H. 
Our first result is as follows. 
THEOREM 1. If H is separable, then any P-bounded solution of (1.2) with 
p > 1 is almost periodic from J to H. 
2. PROOF OF THEOREM I 
Consider a sequence {vn(t)}& of infinitely differentiable nonnegative functions 
on J such that 
s 
n-1 
pn(t) = 0 for 1 t 1 > n-l, vn(t) dt = 1. (2.1) 
-m--l 
63 
0022-247X3/78/0621-0063$02.00/0 
Copyright 0 1978 by Academic Press. Inc. 
AI1 rights of reproduction in any form reserved. 
64 ARIBINDI SATYANARAYAN RAO 
The convolution between u and via is defined by 
(U*Pn) (0 = s, u(t - 4 cp&) ds = s, 44 94 - 4 ds 
From (1.2), it follows that 
(f~*nJ” 0) = 4~*9-4 0) + (f*d @I on 
We write 
Then we have 
on 
J- 
J- (2.2) 
(2.3) 
(2.4) 
(u being SP-bounded, and hence S-bounded, on J). 
Similarly, the S-almost periodicity of f implies the almost periodicity of 
f *vn (see the proof of A merio and Prouse [ 1, Theorem 7, p. 781). 
Consequently, as shown in the proof of Theorem 1, Cooke [3], (~*lpJ is 
almost periodic from J to H. Therefore, by the Corollary to Lemma 5, Cooke [3], 
U*T, and (u*p,J’ are both almost periodic from J to H. 
From (1.2), we have the representation 
u’(t) = u’(O) + Jot Au(s) ds + Iot f (s) ds on J. (2.6) 
If 0 < t, - t, < 1 and p-l + p1 = 1, then, by Holder’s inequality, 
11 j-;AW ds I/ G II A II . j-:” II 4s) II ds 
< II A II . [j.; II 44ll” ds]‘-’ . (tz - W’ 
(2.7) 
< 11 A /I . ,:,,‘/I u(s)ll” ds]‘-’ . (tz - tl)‘l-’ 
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So [i Au(s) ds is uniformly continuous on J. Further, by Amerio and Prouse [ 1, 
Theorem 8, p. 791, $J(s) d s is uniformly continuous on 1. Thus it follows that 
u’ is uniformly continuous on J. 
Xow, by the uniform continuity of u’ on J, the sequence of convolutions 
(UNTO)’ (t) converges to u’(t) uniformly on J. Hence u’ is almost periodic from J 
to H. Consequently, u is uniformly continuous on J (u’ being bounded on J). 
Therefore, the sequence (u*P)~) (t) converges to u(t) uniformly on J. So u is 
almost periodic from J to H. This completes the proof of the theorem. 
3. DEMONSTRATION OF A SECOND RESULT 
THEOREM 2. If B is a bounded linear operator in a Hilbert space H, zuith 
B 3 0, and f: J--t H is an S’-almost periodic continuous function, then any 
Sp-bounded solution (p > 1) of the diPferentia1 equation 
u”(t) = Bu(t) f f (t) on J (3.1) 
is almost periodic from J to H. 
Proof. For the sequence (~n(t)}~cl defined in the proof of our Theorem 1, it 
follows from (3.1) that 
(u*s>” (t) = B(u*s) (t) -+ (f *A (t) on J. (3.2) 
Since u+cp,, is bounded on J and f *vn is almost periodic from J to H (shown in 
the proof of Theorem l), u*v,,, and (EI*P)~)’ are both almost periodic from J to H 
(see Zaidman [S]). Now the remainder of the proof is similar to that of Theo- 
rem 1. 
4. NOTES 
(i) Consider the more general differential equation 
dk)(t) f Al&-l)(t) f ... + Aku(t) = f(t) on J, (4.X) 
where f: J- H is an S1-almost periodic continuous function, and A, ,..., A, 
are densely defined closed linear operators in H whose domains contain the 
ranges of u, u’,..., 0. It is assumed that these operators and their adjoints 
commute all with each other. Now, if H is separable and the operators A, ,..., A, 
are completely continuous, then any uniformly continuous Sp-bounded solution 
of (4.1) is almost periodic (1 < p < co). 
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Proof. From (4.1), we obtain 
(u*RJ(“) (t> + 4(u*~,)(“-~) (t) + ... + &(u*v,) (t> = (f *vn) (t) on J, 
(4.2) 
where r&t) is the sequence defined in the proof of Theorem 1. 
Since u*y, is bounded on J and f *vn is almost periodic, by [3, Theorem I] of 
Cooke, u*v, is almost periodic. Now, by the uniform continuity of u on J, 
(u*v,J (t) + u(t) as n -+ co, uniformly on J. So u is almost periodic. 
We remark that, if f is bounded on J and A, ,..., A, are bounded, then any 
bounded solution of (4.1) is uniformly continuous on J. For, by Cooke [3, 
Lemma 21, u’ is bounded on J. Hence, if f is &almost periodic, continuous and 
bounded on J and A, ,..., A, are completely continuous, then any bounded solu- 
tion of (4.1) is almost periodic (H separable). 
(ii) A uniformly continuous SD-bounded function g from J to a Banach 
space X is bounded on J (1 < p < co). 
Proof. Again for the sequence rp,,(t) defined in the proof of Theorem 1, 
we have, by (2.5) with g in place of u, 
Il(g*v4 (411 G 2M,, II g IIs1 on J- (4.3) 
Now, by the uniform continuity of g on J, (g*& (t) -g(t) as n -+ 00, 
uniformly on J. So we can choose a positive integer N such that 
Ilk*%> (t> -&)ll d 1 for all n > N and all t E J. (4.4) 
Thus, from (4.3) and (4.4), we obtain 
II &>I G II &T(t) - k*nv) Wll + llk*vd (t>ll 
< 1 + 2MQN II g IIB 
(4.5) 
on J. 
(iii) As an application of Note (ii), we establish the following result. 
If X is a reflexive space, and o EL&,( J; X) with 1 < p < w is an Sp-almost 
periodic function, then V(t) = fi w(s) d s is almost periodic from J to X if V 
is SD-bounded on J (for p > 1, this result being Amerio and Prouse [ 1, Theorem 
2’, p. 821). 
Proof. By Amerio and Prouse [I, Theorem 8, p. 791, V is uniformly con- 
tinuous on J. Consequently, by our Note (ii), V is bounded on J. Hence V is 
almost periodic from J to X (see Amerio and Prouse [l, Authors’ Remark, p. 821 
and Vasconi [4]). 
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